Abstract -Ion acoustic solitary waves in two-temperature electron plasmas have been studied in the past, and negative-potential solitons and double layers found, in addition to positive-potential solitons. Here, further investigations show that positive-potential double layers can form below a critical density ratio, associated with the third derivative of the Sagdeev potential evaluated at the origin for the phase velocity of the linear wave. For density ratios that support positive double layers, solitons are also reported beyond the double layers, depending on the cool-to-hot electron temperature ratio. In addition, when both polarities can be supported, solitary structures can propagate at the acoustic speed, contrary to a KdV prescription.
(KdV) solitons [6] , then the positive solitons have finite amplitude at the acoustic speed, which cannot be obtained from the KdV description. In plasma models where largeamplitude solitons can exist, the reductive perturbation analysis, leading to a KdV equation and weakly nonlinear solitons, is not appropriate. The Sagdeev approach [5] is a useful tool in seeking large-amplitude solitary-wave structures, far beyond the KdV results.
Using the Sagdeev approach, Baboolal et al. [3] investigated the cutoff conditions for the existence of largeamplitude ion acoustic solitons and double layers in plasmas consisting, e.g., of two Boltzmann electron species (hot and cool) and a single cold ion species. They found that below a temperature ratio threshold, both positiveand negative-potential solitons existed for an intermediate range of cool-electron density ratio, with the negative solitons limited by double layers. Elsewhere, only positive solitons occurred. In addition, in the "coexistence" region, finite (non-zero) amplitude positive solitons were obtained at the critical Mach number M s , equivalent to the acoustic speed, but they did not comment on them.
In this paper we investigate these finite-amplitude results at M s in detail, and also report that positive double layers may occur for a restricted range of cool-electron densities. Where these positive double layers can exist, we can also obtain solitons having Mach numbers exceeding those supporting double layers.
After this introduction, we describe the model under investigation, with the essential equations underpinning our results, that is, the critical density values at which the third derivative of the Sagdeev potential vanishes at the origin. In a following section we discuss in detail three different cases of cool-to-hot electron temperature ratios, and the conclusions are given in the last section.
Plasma model and basic equations. -Our plasma model consists of one hot (temperature T h , density N h ) and one cool (temperature T c , density N c ) electron constituent, that are Boltzmann distributed, in the presence of singly charged cold inertial ions, as discussed by a number of authors [1] [2] [3] .
We define the temperature ratio τ = T c /T h , cool density ratio f = N c0 /N i0 , where N j0 (j = c, h, i) are the equilibrium densities with N i0 = N h0 + N c0 , and an effective temperature
we normalize with respect to N i0 , the acoustic speed
1/2 and a typical potential K B T eff /e. Here K B , m i and e are Boltzmann's constant, the ion mass and the electron charge, respectively. The normalized cooland hot-electron densities are n c (φ) = f exp(α c φ) and n h (φ) = (1 − f )exp(α h φ), respectively, where α c = T eff /T c and α h = T eff /T h . It follows that for n h to play a role, one requires α h = 0 and hence τ = 0. The density of the cold ions is given by n i (φ) = (1 − 2φ/M 2 ) −1/2 , where M is the Mach number, the normalized structure speed.
The species' densities are coupled by Poisson's equation, which, after transforming to a moving frame with position ξ = x − Mt and one integration, can be expressed in the form of an energy integral [5] 
where Ψ(φ, M ) is the Sagdeev potential, given by
It is easy to show that Ψ(0, M) = Ψ (0, M) = 0 at the origin (primes denote differentiation by φ). As a prerequisite for the formation of solitary structures, the origin should be a local (unstable) maximum, which condition is usually interpreted as requiring that Ψ (0, M) < 0. This condition leads to superacoustic waves with M > M s = 1, where M s is obtained from Ψ (0, M s ) = 0. Though the general practice has been that the existence of solitons requires M > M s , recent investigations [7] [8] [9] have shown that solitons can have finite amplitudes at M s in the parameter regime where solitons of both polarity exist. In these cases Ψ (0, M) = 0: the origin is a triple root such that the convexity condition is provided by the third derivative of Ψ(φ, M ). With a triple root at the origin, when the origin is unstable (stable) for φ > 0 but stable (unstable) for φ < 0, one has positive (negative) potential solitons.
For this model solitons with positive polarity are normally limited by infinite compression of the inertial ions, reached when φ → φ li = M 2 /2, thus leading to a sufficient condition Ψ(φ li , M) > 0. However, depending on τ , positive-potential double layers are also possible for a limited range in f . On the other hand, negative-potential solitons are limited by double layers.
We now investigate the existence domain for the solitons and double layers that may be supported by this model. From eq. (2) we compute that
If Ψ (0, M s ) = 0, then for fixed τ , eq. (3) gives the critical values of cool-electron density as
provided τ = 1. Here, f c1 and f c2 are the lower and upper values of the critical density given by the minus and plus signs in eq. (4), respectively, and are real provided τ 2 − 10τ + 1 0, leading to a critical value of τ . Thus, the existence of a finite, non-complex critical density ratio f = f c requires τ τ c1 , where
899 T c , as reported in ref. [10] for rarefactive shocks in laser plasmas. At τ = τ c1 , the roots f c1 and f c2 in (4) coalesce into a single root f c 0.092. In addition, when τ → 0 we have f c1 → 0 and f c2 → 1/3. However, with the choice of normalization, when τ → 0, T c /T eff → f , T h /T eff → ∞, and hence n h → n h0 . Such superhot conditions are not physically relevant, and, moreover, the model breaks down.
The critical densities f c can also be obtained from a normalized KdV equation of the form [6] 
where the second term describes the nonlinearity, the third term the dispersion. Here A and B are constants, involving the equilibrium density and temperature ratios, besides other parameters of the plasma model. After some algebra one can show that for this model,
and
(1 + 3τ
where
Solutions to eq. (5) are valid only for A = 0. When A → 0 the balance between the nonlinearity and dispersion is not maintained, and A = 0 thus yields one or more critical f . Clearly, from eq. (6), A = 0 when Q = 0. It is easily shown that Q = Ψ (0, M s ) in eq. (3), and hence the same critical f c are found as above. We note in passing that Q reduces to eq. (2.12) of [11] . We first consider the soliton existence domain for a value of τ > τ c1 = 5 − 2 √ 6 0.101, i.e., where Ψ (0, M s ) > 0 for all f . An example is shown in fig. 1 (b), with τ = 1/5. Only positive potential solitons are supported. The curve shows the Mach number (M = M li ) that gives the maximum amplitude limit due to the ion density constraint (φ li = M 2 /2) at which Ψ(φ li , M) = 0. Positive-potential double layers do not exist, and no negative-potential structures are supported. At f = 0 or f = 1, corresponding to a simple plasma with isothermal (Boltzmann) electrons and cold fluid ions, we recover the usual range [12] 1 < M < 1.5852. The nature of these positive solitons, having the sign of Ψ (0, M s ), is that their amplitudes tend to zero as M approaches M s . We shall call these "KdV-like" [8] . Basically, we confirm that for τ τ c1 only positive-potential solitons exist [3] . Figure 1 (b) also shows that the maximum Mach number first decreases as f increases from f = 0, up to an intermediate value of f corresponding to the dip in the curve, beyond which the maximum Mach number increases with f up to f = 1. We have found numerically that as τ is decreased, the dip in the curve occurs for ever lower M values, reaching M s = 1 at a value τ c2 0.075, for f 0.021. Thus, for τ < τ c2 , there is a range in f where any possible positive solitons that may exist, cannot be limited by the ion density constraint. If they are nevertheless to exist there, they must be limited by positive-potential double layers. This point will be illustrated below.
Next we consider a value of τ = 0.09. This is in the range τ c2 < τ < τ c1 , where now Ψ (0, M s ) < 0 for some f , but ion density-limited positive solitons do still occur for all 0 f 1. In fig. 2 we present (a) existence domains and (b) soliton amplitudes at M = M s . The continuous (blue) curve is the upper limit for positive solitons. The dashed (blue) curve represents positive double layers for f < f c1 , while the dotted (red) curve shows negative double layers (for f c1 < f < f n ), that limit negative solitons. At both f c1 and f n , the limiting double layer occurs at M = M s , but is of significant amplitude. We note that f c1 is the boundary between the two double-layer polarities, and here it is also the lower limit for the existence of negative solitons. For f > f n , only positive solitons are supported. Thus, we see in fig. 2 (a) that both positive and negative solitons are supported ("coexist") over the range f c1 < f < f n . This coexistence region is analogous to that corresponding to rarefactive shocks in fig. 3 of ref. [10] . Importantly, we observe that f c2 0.161 lies within the coexistence region. Finally, there is a surprising set of solitons (limited by the ions, bounded by the continuous blue curve) that occur beyond the positive-potential double layers, i.e., at values M > M dl , the positive double-layer Mach number.
These positive double layers were not reported by earlier authors that have used this model [1] [2] [3] [4] . However, Verheest et al. [13] did show that weak positive double layers, that are very weakly superacoustic, could be supported at small values of f . We note that at f = 0, there are no double layers, as the requirements are not satisfied.
In fig. 2(b) we show the variation of soliton amplitude φ 0 (at M = M s ) with the cool-electron density f over [f c1 , f n ]. The continuous curve represents negative solitons, the dotted curve, positive solitons. The figure shows that between f c1 and f c2 , negative solitons have zero amplitude at M s (KdV-like) while positive solitons have finite (nonzero) amplitudes ("nonKdV-like") [8] . These properties are reversed for f c2 < f < f n . Results similar to these were also found for dust ion acoustic solitons in a plasma with κ-distributed electrons [8] .
We have already observed from fig. 2 (a) that in the range of f where positive double layers occur, one can fig. 3(b) . The innermost curve corresponds to A and the outermost one to F.
find solitons for Mach numbers that lie above those corresponding to the positive double layers. Figure 3 shows (a) the variation of soliton amplitude with M for fixed f , and (b) the corresponding Sagdeev potential curves. In fig. 3(a) , the end points of the lower curves for the different f give the amplitudes and Mach numbers of the positive double layers. As M is increased one finds a jump in amplitude between the double layers and the next set of solitons that are limited by the ion density constraint, fig. 3 (b) all the Sagdeev potential curves (A-F ) have a double root at the origin; the soliton curves A, B and D-F have a single root outside the origin, and the double-layer curve C has another double root outside the origin and an inaccessible single root beyond the double root. Such solitons for M > M dl for a specific plasma composition were also reported in ref. [14] , in nonthermal plasmas consisting of cold positive and negative dust particles and Cairns-distributed electrons and ions (their fig. 4) .
In fig. 4 (a), we show typical soliton potential profiles for the parameters in fig. 3 . While solitons below the double layer are bell-shaped, those with M > M dl have a spiky shape at the maximum (at ξ = 0). In fig. 4 (b) we also show the phase space curves [5, 12] for the Mach numbers used in fig. 3 . The figure shows that the amplitude increases as M increases, and beyond the double layer, solitons have a flattened end at the maximum potential while the doublelayer curve has an extended inaccessible closed lobe. The curves beyond the double layer correspond to curves D-F in fig. 3(b) . In addition to the value τ = 0.09, we have also considered other values between τ c2 and τ c1 (especially close to τ c1 0.10102). In these cases we get the same trends as those discussed for τ = 0.09: a "coexistence region" between f c1 and f n , and f c1 separates negative from positive double layers. As τ approaches τ c1 , the region of coexistence becomes very narrow, and the associated M dl approaches M s . For instance, the largest M at which negative double layers occur are M 1.014041 for τ = 0.09 (see fig. 2(a) ), M 1.000374 for τ = 0.1, and M 1.0000011 for τ = 0.101. The region of coexistence eventually vanishes at τ = τ c1 , when f c1 and f c2 merge at f 0.092 ( fig. 1(a) ). So it is clear that negative-potential solitons or double layers exist only for τ < τ c1 .
We next turn to τ < τ c2 0.075, and as an example consider τ = 1/15 0.067. As the dip in the curve of fig. 1(b) drops below M s , it yields two apparent ion density cutoffs, viz., f p1 , close to f = 0, and f p2 , the new lower limit of the coexistence region, satisfying f p2 f c1 . However, as we shall see, f p1 plays no physical role. Figure 5 (a) shows the existence domain for τ = 1/15, with the range f < f c1 given in more detail in the lower panels. Between 0 and f c1 only positive solitons and double layers are found; for f c1 < f < f p2 only negative double layers and solitons occur; f p2 < f < f n is the coexistence region, and f n < f < 1 supports positive solitons. Figure 5 (b) is analogous to fig. 2(b) , and shows the soliton amplitude at M = M s vs. density ratio f in the coexistence region. The figure also shows that, as was found for τ = 0.09 ( fig. 2(b) ), in this region the potentials of the two soliton types vanish at M = M s and f = f c2 : below (above) f c2 , positive (negative) solitons have finite amplitudes at M s while above (below) f c2 , negative (positive) solitons have finite amplitudes at M s . Note that the finite-positive-potential solitons at M s = 1 do not occur between f c1 and f p2 , since in this range only negativepotential solitons (that are KdV-like) exist. As shown in fig. 5(d) , we get positive double layers in the very narrow range, 0 < f < f * 0.002, with solitons beyond M dl , but they are limited by the ion density (continuous curve), as in fig. 3 . At f = f * , the double layer at M dl = M li has φ dl < φ li . Despite the presence of the ion constraint curve in f * < f < f c1 , it represents a spurious root, and positive solitons are limited by double layers (dashed curve). Thus f p1 also plays no physical role.
Other aspects of our results in fig. 5 are consistent with those of ref. [3] , whose fig. 2(b) showed that negative double layers exist for f roughly between 0.02 and 0.35. Here, this region lies between f c1 0.015 and f n 0.38. They also found finite positive solitons at M s = 1 in the approximate range of [0.1, 0.25], although they never commented on them. Here they are in the range f p2 0.05 < f < f c2 0.22. Similarly, we have obtained results for τ = 1/30 (not shown) that are in agreement with and clarify their fig. 2(a) . Figure 6 (upper panel) shows the variation of solitarywave amplitude with density ratio f for τ = 1/15. The continuous blue curve shows the maximum amplitude limit (φ li = M 2 /2) of positive-potential solitons, due to the ion density constraint. Likewise, the dashed blue curve and the dotted red curve give the amplitudes of the positive-and negative-potential double layers, respectively. Here we have scaled the positive-double-layer amplitudes ×10 for clarity. This needs to be borne in mind when interpreting these results. For instance, when f < f * (see fig. 5(d) or 6(b) ), solitons are ultimately limited by the ion condition φ < φ li = M 2 /2 (and not by the occurrence of double layers). The double-layer amplitude in those cases is less than φ li , and solitons exist even beyond the double layer. A typical example is shown in fig. 6 (c) with Sagdeev potential curves for f = 0.0005 < f * for three values of M , namely, M dl 1.1066, M 1 = M dl − 0.0350 and M 2 = M dl + 0.0075. At M = M dl we get a double layer with amplitude φ dl 0.43. For M < M dl (M 1 ) we get a soliton with amplitude φ 0 0.23, and for M > M dl (M 2 ) we get a soliton with amplitude φ 0 0.62 > φ dl . It is also observed that there is a large jump in amplitude between the double layer and the next set of solitons beyond the double layer, as was seen in fig. 2(b) . However, in the other example shown in fig. 6(d exist beyond the double layer. For small τ , f * → 0, and positive solitons for f < f c1 are limited by double layers only.
In addition, we find that for τ = 1/30 or τ = 1/100 (not shown here), f c1 , too, approaches very close to f = 0, and the range [0, f c1 ] becomes negligibly small: thus doublelayer-limited positive solitons can then barely be found. Also, as was the case for τ = 1/15, positive-potential solitons do not occur over the full range of f , but (now for even smaller τ ), only for [f p2 , 1]. Further, we note that for small τ , the Mach number at which negative double layers occur increases, implying that the amplitude of the double layer, for a particular f , also increases. For instance, for f = 0.3 the amplitude increases from |φ dl | = 2.9 (τ = 1/15) to |φ dl | = 6.5 (τ = 1/30) and |φ dl | = 25 (τ = 1/100). Thus, in this range, plasmas with a small but non-zero coolelectron density, support negative-potential solitons with very large amplitudes, and positive solitons limited by the ions.
Conclusions. -We have revisited in detail the existence of ion acoustic solitary waves in a plasma with two isothermal electron components and cold ions. In doing so, we have confirmed a number of earlier results [1] [2] [3] [4] 13] and have gone far beyond them.
We have plotted the curve Ψ (0, M s ) = 0 in the space of cool density fraction and temperature ratio, i.e., [f, τ ], and shown that it agrees with earlier representations [2, 10, 11] , found in other ways. At fixed τ < τ c1 , it yields two critical values of f (f c1 and f c2 ) which merge at τ = τ c1 0.10102.
Above τ c1 , only positive-potential solitons (which are limited by the ion density constraint) are supported for 0 f 1, as for a simple electron-ion plasma. These positive solitons are "KdV-like" in that their amplitudes tend to zero as M approaches M s .
For 0 < τ < τ c1 both negative-and positive-potential double layers may occur over limited ranges of coolelectron density fraction f . The former are well known [3, 4] , and Verheest et al. [13] previously identified a single case of the latter. Our calculations show that positive double layers exist over a narrow range f < f c1 , while negative double layers occur for f c1 < f < f n , below a cut-off, f n . Surprisingly, solitons may be obtained even beyond the positive double layer, i.e., for M > M dl , accompanied by a jump in amplitude. Thus, depending on the temperature ratio τ , we may, for low f , get two sets of positive solitons, one bounded by the double-layer limit, the other by the usual ion limit condition [3] . As opposed to the usual bell-shape of the well-known positive solitons, the latter set have a sharply-pointed (spiky) profile.
If τ c2 0.075 < τ < τ c1 then f c1 also acts as the lower f limit of the "coexistence" region in which solitons of both polarities may exist. However, for τ < τ c2 , positive solitons are no longer supported for all f , and an interval f c1 < f < f p2 is found where only negative-potential solitons and double layers are obtained. As a result, the "coexistence" region becomes f p2 < f < f n .
Provided f c2 lies in the region of "coexistence" (f p2 < f < f n ), we observe the following: i) Contrary to the conventional wisdom that solitons are superacoustic (M > M s ), we have found solitons at the critical Mach number M s , thus showing that they can propagate at the ion acoustic speed, as also reported recently for other models [7] [8] [9] . Experimentally, one should find such finite-amplitude solitons over a wide range in T c /T h (< 0.101), for minority n c0 . As τ is decreased, the range in n c0 /n e0 is found to increase, up to ∼ 0.4 for τ = 1/15, and even larger fractions for smaller τ .
ii) For f p2 < f < f c2 positive-potential solitons have finite amplitude at M s while negative-potential solitons have zero amplitude at M s , as is the case for KdV-like solitons. The negative sign associated with Ψ (0, M s ) for f < f c2 corresponds to the sign of the KdV-like solitons. Similarly, for f c2 < f < f n , the negative solitons have finite amplitudes at M s (nonKdV-like) while the positive solitons are now KdV-like. The positive sign of Ψ (0, M s ) for f > f c2 thus corresponds to the sign of these positivepotential (KdV-like) solitons near M s . Hence, for f p2 < f < f c2 one finds KdV-like negative soliton potentials accompanied by nonKdV-like positive solitons, and vice versa for f c2 < f < f n .
iii) The amplitudes of the nonKdV-like solitons (i.e., those not corresponding to the sign of Ψ (0, M s )) increase monotonically with |f − f c2 |, but vanish at f = f c2 . For small values of τ , the negative nonKdV-like solitons develop large amplitudes at M = M s when f → f n . In addition, the largest value of M dl increases rapidly with decreasing τ . Hence the normalized φ dl increases rapidly, and can reach several tens. iv) Positive solitons are normally limited by the ion density constraint, φ < M 2 /2, and the negative solitons by double layers.
Finally, for small τ → 0, the region with positive double layers becomes negligibly small, as f p2 → 0, and is then probably not observable.
To explore the newly found region of positive double layers and spiky solitons, experiments would need to have a second (cool) electron component that is very dilute (n c0 /n e0 being a few percent), with T c /T h 0.05-0.1. Conversely, observation of such double layers and solitons in space plasmas would be suggestive of the presence of a secondary electron component satisfying such density and temperature values. * * *
